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1. Introduction 

The general idea of categorification was introduced by Crane and Frenkel f?, '31 . In recent years categori- 
fications of algebras and their representations have been studied by many mathematicians, see for example 
QUI [131 [HP I and references therein. 

Let (3(g) be the BGG category associated to a triangular decomposition of a finite dimensional complex 
semisimple or reductive Lie algebra g. The BGG category 0{q) and its projective functors play an important 
role in many algebraic categorifications, which can be seen from the following two facets. On one hand, the 
projective functors of (9(g) are extensively used in catetegorifications of group algebras of finite Weyl groups 
and their Hecke algebras. In |T0|, Khovanov, et al. presented several examples about categorifications of 
various representations of the symmetric group S„ via projective functors acting on certain subcategories of 
the BGG category 0{5l„). Especially in 1 1 1] they categorified integral Specht modules over 5„ and its Hecke 
algebra by some translation functors of 0{sl„). Mazorchuk and Stroppel |[T5l constructed a subcategory of 
<3(g) on which the actions of translation functors categorify (right) cell modules and induced cell modules 
for Hecke algebras of finite Weyl groups. Basing on the results in 1 15], they 1 16] gave a categorification of 
Wedderburns basis for C[5„]. Moreover, Mazorchuk and Miemietz ||14J reproved and extended the result 
in lITSi by studying 2-representations of abstract 2-categories from a more systematic and more abstract 
prospective. In addition, Mazorchuk and Stroppel |[T7l applied graded versions of translation functors and a 
subcategory of the principal block of (9(g) to categorifications of a parabolic Hecke module (see also |[T9l ). 
On the other hand, the BGG category (9(g) and its projective functors can be applied to categorificaitons of 
universal enveloping algebras of simple Lie algebras. In [JJ Bernstein, et al. investigated a categorification 
of the n-th tensor power of the fundamental representation of U{sl2) via certain singular blocks and projec- 
tive functors of (9(gl„) (see also |[TOl ). Following |[T] Sussan li20l generalized the case of 5I2 in |[T] to that of 
sli and studied sl^-link invariants. 

In |[I| Bernstein, et al. raised a more difficult problem: categorifications of the representation theory of 
arbitrary simple Lie algebra g. The main purpose of this article is to study a categorification of the n-th 
tensor power of the spin representation of {7(50(7, C)). The main tools for our categorification are also the 
BGG category (9(gl„) and its projective functors. Our work can be considered as a part of categorifications 
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of the representation theory of f/(g) for the simple Lie algebra g of type B3. In other words, we categorify 
the image of U(so{l, C)) under the algebra homomorphism <1) : f/(5o(7, C)) — > End(y®") corresponding to 
the «-th tensor power of the spin representation Vsp of f/(so(7,C)). In fact, as standard representations of 
the special orthogonal Lie algebras 5o(m, C), the spin representations are especially important since they 
not only play a fundamental role in the realization of exceptional simple Lie algebras but also have many 
important applications in Lie group, geometry and physics (see 1121 Chapters 1.5 and IV.9, and |7| Chapter 
20). 

This paper is organized as follows. In Section |2] we collect the background material that will be nec- 
essary in the sequel. In Section |3] we obtain a categorification of the n-th tensor power of the spin repre- 
sentation of U (so(7, C)). First, we categorify the underlying space of the n-th tensor power V®" of the spin 
representation Vsp for U{so(l, C)) by using certain subcategories of 0(91,,) (Theorem 13. 11 1. Next we yield a 
categorification of the t/(5o(7,C)) action on V®" by projective functors of 0(gl„) (Theorem l3.3l l. Finally, 
we lift defining relations of U(so(l , C)) to natural isomorphisms between functors (Theorem |3.4) . 

Throughout, we denote by C, R and Z the complex number field, the real number field and the set of 
integers respectively. 

2. PRELIMINARffiS 

We start by reviewing some basic results about the universal enveloping algebra of Lie algebra so(7, C) 
and the BGG category of a complex reductive Lie algebra. 

As an associative algebra, the universal enveloping algebra f/(5o(7, C)) of the special orthogonal Lie 
algebra so(7, C) is generated by hi, e,, /j(l < / < 3) over C which are subject to the following relations: 

hihj = hjhi, eifj - fjci = 5ijhi, 
hiCj -Cjhi = aijCj, hifj - fjhi = -«/,;/>, 

k=0 

where a,-,/(l < i, j < 3) are the entries of the Cartan matrix A - (a,j)3x3 of 5o(7, C). 
7 

Let Vsp = ffiCv; be an S-dimensional vector space over C. Then Vsp is a f/(so(7, C))-module in the 

(=0 

following way: 

hiv-j — 0, /iiVf, — 0, hivs — V5, /11V4 — V4, hiV2 — -V3, hiV2 — —V2, hivi — 0, hivo — 0, 

/Z2V7 — 0, /l2V6 — V6, h2Vs — -V5, /l2V4 = 0, /Z2V3 — 0, /l2V2 = V2, /i2Vi — — V], /l2V() — 0, 

h^vj — vj, h^Vd — -V6, h^vs — vg, /!3V'4 — — V4, h^vj — V3, /i3V2 = -v'2, h^vi — vi, /i3Vo — — vq, 
eiVj - 0, eiV6 = 0, eivg = 0, eiV4 = 0, eiV3 = vg, eiV2 - V4, eiV'i - 0, eiV'o - 0, 
e2V7 = 0, e2V6 = 0, e2V5 = ve, e2V4 = 0, e2V3 = 0, e2V2 = 0, e2Vi = V2, e2Vo - 0, 
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0, 63 Vg 



Vl, 63 V5 = 0, 63 V4 = V5, 63 V3 = 0, 63 V2 = V3, 63 Vi — 0, 63 Vq - Vi, 



0, /lV6 



0, /1V5 = v'3, /iv'4 = V2, /1V3 = 0, /1V2 = 0, /ivi = 0, /ivo = 0, 



/2V7 



0, /2V6 



V5, /2V5 = 0, /2V4 = 0, /2V3 = 0, /2V2 = vi, /2V1 = 0, /2V0 = 0, 



/3V7 



V'6, /3V'6 = 0, /3V5 = ^4, /3V'4 = 0, /3V3 = V2, /3V2 = 0, /sV'i = Vq, /3V0 = 0. 



The U(5o{l, C))-module Vsp is called the spin representation of U(5o(l, C)). 

For convenience, we fix some notations which we need in the sequel. All Lie algebras and their repre- 
sentations are defined over C. Let g be a finite dimensional reductive Lie algebra with a fixed triangular 
decomposition g - n+ ffi f) ffi n_. Denote by f/(g) the universal enveloping algebra of g, Z(f/(g)) the center of 
t/(g) and the set of the central characters. W denotes the Weyl group of g. p is the half-sum of positive 
roots. Define the dot-action of W on I)* as follows: w ■ A = w(A + p) - p. For A e I)*, let 6^ : Z(t/(g)) — > C 
be the corresponding central character and M(A) the Verma module with the highest weight A. 

Let I)^^^^^ be the set of all elements in f)* dominant with respect to the dot-action. Then there is a map 
: f)* — > which maps A to 6^ sets up a bijection between I)^^^^ and (see ||6l. Section 7.4). The notation 
0(q) denotes the BGG category of g associated to the triangular decomposition g - Tt+ © !) © n_. For any 
e & denote by Ogio) the full subcategory of 0(q) whose objects are the modules M where 



The BGG category C)(g) is the direct sum of the subcategories Ogio) as 6 ranges over the central characters 
of the form 6a (see |9 |, Section L12). 

Now we give a brief introduction to projective functors. 

Denote by proj„ the functor from C)(g) to C)(g) that, to a module M = © M{0), associates the 0-component 

Bee 

summand M(6) of M. Let Fy be the functor of tensoring with a finite-dimensional g-module V. 

Definition 2.1. F : <9(g) 0(q) is a projective functor if it is isomorphic to a direct summand of the 
functor Fv for some finite dimensional Q-module V. 

Denote by K{£/) the Grothendieck group of an abelian or triangulated category £/. It is the free abelian 
group generated by the symbols [M] where M is an object of jz/. The only relations in this group are 
of the form [A^] = [M] + [P] when there is a short exact sequence or distinguished triangle of the form 
0— >M— >A^^P— >0. The image of an object M and an exact functor F in the Grothendieck group will 
be denoted by [M] and [F] respectively. 

The following properties of projective functors can be found in Section 3.2 or 3.4 of 

Proposition 2.2. (1) Projective functors are exact. 

(2) Any direct sum of projective functors is a projective functor 

(3) Any composition of projective functors is a projective functor 

(4) The functor pro] g : (9(g) — > (3(g) is a projective functor 

(5) Let F, G be projective functors. IfiF] — [G], then F = G. 

Fix a central character 0, then 



M = Im e m\(z- 0(z)T ■ m - for some « E N for each z e Z(C/(g)) 



(2.1) 
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forms a Z-basis of the Grothendieck group K(OeiQ)) (see |9|, Section 1.10 and 1.12). The following propo- 
sition shows that this basis is handy for writing the action of projective functors on the Grothendieck group 
of 0(g)(see Gl, Section 2.3.2, and |2|, Section 1.12). 

Proposition 2.3. Let V be a finite-dimensional Q-module, //i , ■ ■ ■ ,//,„ the multiset of weights ofV, i.e., there 
is a basis vi, V2, ■ ■ ■ , v,„ of V such that the weight of the vector v,- equals M(A) the Verma module with 
the highest weight A, then we have [V ® M(/i)] = Y!"=\ [M{A + //,)] in the Grothendieck group K{0{<i)). 

For unexplained concepts and notations, we refer the reader to 121 [31171181191 [131 . 



3. Categorification of the Spin Representation of t/(so(7, C)) 

This section is to obtain a categorification of the n-th tensor power y®" of the spin representation Vsp for 
f/(so(7, C)) in the following three steps. 

(1) Categorifying the underlying space of the «-th tensor power V®" of the spin representation Vsp of 
Uisoil , C)) by using certain subcategories of the BGG category 0(gl„). 

(2) Yielding a categorification of the t/(so(7, C)) action on V®" by projective functors of 0(gl„). 

(3) Lifting defining relations of f/(5o(7, C)) to natural isomorphisms between functors. 

We fix once and for all a triangular decomposition n+ffil)ffiTt_ of the Lie algebra gl„. The Weyl group of gl,, 
is isomorphic to the symmetric group 5„. Choose a standard orthogonal basis ei, ■ ■ • ,e„ in the Euclidean 
space R" and identify the complexification C ®ir R" with the dual \)* of Cartan subalgebra so that R+ - 
{ - fiy I 1 < / < y < n ) is the set of positive roots and fSi - Ei - Si+i, 1 < / < n - 1 are simple roots. The 
generator s,- of the Weyl group W - S„ acts on I)* by permuting e, and e,+i. Denote by p the half-sum of 
positive roots 

n — I n — 3 I — n 

We denote by [0, 7] the integers < A; < 7. For a sequence (ai, ■ ■ • , «„) e [0, 7]" we denote by M(ai, ■ • ■ , a„) 
the Verma module with the highest weight aie\ + ■ ■ ■ + a„e„ - p. 

7 

Let D be the set of all 8-tuples of nonnegative integers d = (do, di , d2, dj,, d^, ds, dd, dj) such that Y^dk - 
n. We define the following equivalence relation ~ on D: 



d ~ d « 



dj + d^ + ds + d4 - dj - d2 - di - do - dj + d^ + d^ + d^ - d^ - d2 - d^ - d^, 
d-i + d(, - d^ — d4 + d^ + d2 - d\ - do — d-i + d^ — d^ — d^ + d-^ + d2- dy — d^, 
dj — df, + ds — d4 + d^ — d2 + di — do — dj — d^ + d^ — d^ + d^ — d2 + d^ — d^. 



for any d = (do, d\ , d2, d^, di,, ds, dd, dj), d - (c/y, d^ , d^, d^, d^, d^, d^, d^) e D. In the following [d] and D 
represent the equivalent class of d and the set of all the the equivalent classes respectively. 

7 

The spin representation Vsp has the weight space decomposition Vsp - ffi Vk, where Vk - Cvk for < 

k=Qt 

k <1 (see |8 | Chapter 2). For d' e D and (a\, - ■ ■ , a„) e [0, 7]", we define the following condition: 
(3.1) ft { flm I a„ ^ k,l <m <n] ^ d[ for 0<k<7. 

It follows that Vfp has the weight space decomposition V®" - ©_(y®")[d], where (V^")[d] is the C-hnear 

[d]eD 

space spanned by 

■~ [^"i ® ^fl2 ® ■ ■ ■ ® >^'a„|('^i' ■ ■ ■ ' ^n) ^ [0' "7]" satisfying the conditon (13.1b for some d' e [d]|. 
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From now on, we denote by ^(y®")[d] the Z-module spanned by B,^, and ^Vf" :- ffi_^(V®")[d] . It is easy 

[d]£D 

to see that C ®z ^(V^')m = ( Vfp")[d] and C ®z ^ = ^5" • Foi" each d € D, set = Z Z (7 - Ofirfo+.- M-, +y ■ 

i=0>=l 

Denote by 0^ = 7/(/td - p) the corresponding central character of gl„ under the map t] : \)* —> &. We define 
0d := 0fl,(8l„), 0[d] := e 0d' and0" := e_0[d]- 

d'e[d] [d]eD 

Now we are prepared to reaHze ^V®" and its weight space ^(y®")[d] for any [d] € D as the Grothendieck 
groups of the categories 0" and 0[d] respectively. Indeed, we have the following result. 

Theorem 3.1. There exists an isomorphism of abelian groups y,, : K(0") — »^ Vf^ given by 

y„([M(ai,--- ,fl„)]) = Va, (8)Vfl, ® • ■ • (g) v^,, 

for any sequence (ai,--- ,an) e [0,7]". Moreover, the restriction of y„ on A'(0[d]) is an abelian group 
isomorphism between A'(0[d]) and^{Vf^\A]for any [d] 6 D. 

Proof. To prove the theorem, it is sufficient to prove that y„ : K{0[a]) ®z C (V'®")[d] is an abelian group 
isomorphism for any [d] e D. Indeed, the above abelian group isomorphism will be obvious if we note the 
following facts. 

For any [d] € D and d € [d] it is seen from ( 12. Il l that the set of all the symbols [M(ai, ■ • ■ , a„)] satisfying 

the condition (13. Il l is a Z-basis of the Grothendieck group K(0^' ). We denote this Z-basis by B^- . It follows 

that Brd] = U Bd' is a Z-basis of the Grothendieck group K{0td]). On the other hand, if we denote by B' , 
d'e[d] " 

the set of Va ® vv,, ® • • v,, such that the sequence (ai, ■ ■ • ,a„) e[Q, 7]" satisfies (13.11 1. then B,., := U B' , 

'J d'e[d] " 

is a Z-basis of the weight space ^(Vs®")[d]- □ 

Let L„ be the n-dimensional fundamental representation of gl„ with weights si , ea, ■ ■ • ,s„ and the corre- 
sponding weight vectors ui,U2, ■ • ■ , u„. Then its dual representation L* has weights -ei, -S2, ■ • ■ , -s„. In 
addition, we recall some submodules of L®^ and (L*)®^ which will be used to construct the functors for our 
categorification. Denote by Sym^{L„) the symmetric square of L„, i.e, the submodule of L®^ spanned by 
M; ® M,(l < i < n) and m, ® uj + uj (g) m,(1 < / < j < n), and denote by Alt^(L„) the alternative square of L„, 
i.e, the submodule of Lf^ spanned by ui®Uj - Uj®Ui{\ < i < j < n). Similarly, we denote by Sym^(L*) and 
Alt^(L*) the symmetric square and the alternative square of L* respectively. In the following, we define 0d 
to be the trivial subcategory of 0(gl„) for d ^ D. For d e D let d, denote the fact that one subtracts 1 from 
the coefficient at place /, and d' the fact that one adds 1 to the coefficient at place /. Then d^ means that one 
subtracts 1 from the coefficient at place / and adds 1 to the coefficient at place j. 

To categorify the action of f/(so(7, C)) on V®", we introduce a series of projective functors of 0(gl„). 
For d = (do, d\ , d2, d^, dn, ds,d(,, dj) € D, define 

ci(d) :- ds + d4 - d^ - d2, 
C2(d) :- de - ds + d2 - d\, 
C3(d) :— dj — d(, + d^ — d4 + di — d2 + di — do, 
and for 1 < / < 3, denote by sgn(c,(d)) the sign function of c,(d), i.e., 

1, if c,(d) > 0, 



sgn(c,(d)) = 



0, if c,(d) = 0, 
-1, if c,(d) <0. 
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Then set 

where Id0jjj is the identity functor of 0[d]. From the definition of the equivalence relation ~ on D we can 
see that the functors '7f,*^*'^'^*'([d])(l <i <3) are independent on the choice of the representative d of [d]. 

For d € D denote 

Sfid) := projg o FsymKL„) ■ 0d ^ 0d^ 

2 

projg__^ o Fm,2(i^^) : 0d ^ 0^4, 

Sfid) := proje o F53,„2(^) : 0^ ^ 0^5, 
"3 

6f{d) := proj« ^ o F^;,2(i„) : 0d ^ 0a5. 
"3 

For any [d] e D, we set 

£[([d]) = © (£f(d') e 8f (d')) : 0[d] ^ - 

d'e[d] 

£r(ld]) = © (£r'(d') © £r\d')) : 0[d] ^ 0.5-,, 

d'€[d] ^"'J 

where [d^] = [d^] = [d*]. 
For d e D denote 

£i(d):=proj,_^^ oFi„ :0d^0d2, 

£^(d):=proj, oFi„ :0a^0a6. 
"5 

For any [d] e D, set 

£2([d]) = ® (£i(d') ©£^(d')) : 0[d] ^ 0,g-,, 

d'€[d] ^"2' 

where [d^] = [d^] = [d^]. 
For d e D denote 



£0(d) 





:0d 


^0d' 
"0 


Slid) 




:0d 


^0d3 


£^(d) 


"4 


:0d 




£f(d) 


:= Proje ° 

K 


:0d 





For any [d] 6 D, set 

£3([d]) = © (£^(d') © £2(d') © £^(d') © £^(d')) : 0[d] ^ 0. 

d'£[d] ' 

where [d^] = [d^] - [d^] = [d^] = [d^]. 
For d e D denote 

Ti'^id) := projg__^ o FsymHu^) ■ 0d ^ 0d^, 
r{\d) := projg o Fai,i(u.) : 0^ ^ 0^2, 

4 

ri"'^(d) := projg 3 o Fsyn,2(^) : 0d ^ 0d3, 
T[\d) := proj. 3 o F^;,2(i.) : 0^ ^ 0^3 
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For any [d] e D, set 

TiUm = e (ri\d) e ^i^'(d')) : 0[d] ^ 

d'e[d] ^"iJ 

?"r([d]) = e (r[\d') e ir-5(d')) : 0[d] ^ 

d'e[d] 

Where [dl] = [d^] = [d^]. 
For d € D denote 

Tj^Cd) proj,^, oFz,; :0d^0d., 
-r2*(d):=proje_^3oFi,. :0d^0d5. 

For any [d] e D, set 

Tiim = ® (Tiid) e 5l'(d')) : 0[d] ^ 

d'e[d] ^"2' 

Where [d^] = [d^] = [d^]. 
For d e D denote 









:0d 


^0d; 


r^id) 




° ■f'i; 


:0d 


^0d5 


r,'(d) 


- Pi"oje,4 


° Pl- 


:0d 


^0d4 


r](d) 


Projs 

7 


° -^i; 


:0d 


^0d5 



For any [d] e D, set 

r3([d]) = © (T^id ) ® 5",^(d') © r,'(d ) © 5",''(d')) : 0[d] ^ 0,^,, 

d'e[d] ^ ^ ™' 

Where [d^] = [dO] = [d2] = [d4] = [d^]. 

It can be seen from Proposition 12. 21 (1). (2), (3) and (4) that the above functors we introduce are exact 
and projective functors. Therefore, they can induce abeUan group homomorphisms of the corresponding 
Grothendieck groups. By Proposition 12.3 l and direct calculations we can obtain the following explicit for- 
mulas of their induced homomorphisms on the basis element [M(ai, ■ ■ ■ , a„)] e B^, which will be used in 
checking the commutativity of the diagrams in Proposition |3.2| 

(3.2) [£f(d)]([M(fli,--- ,fl„)]) 

n 

= ^[M(fli,--- ,a,„-uam + 2,am+i,--- ,a„)] 

aiii=- 

+ ^ [M(ai, ■ ■ ■ ,fl,_i,a,- + l,fl,+i, ■ ■ ■ ,flj_i,fl; + l,flj+i, • ■ • ,a„)]. 

\<i<j<ii. 
(nj,aj)=(2,5) or (3,2) 

(3.3) [&f(d)]([M(au--- ,a„)]) 

[M(ai, ■ ■ ■ ,a,_i,fl,- + l,fl,+i, ■ • ■ ,a;_i,flj + l,fl;+i, • ■ ■ ,fl„)]. 

l<i<j</(, 
(fl,,fly)-(2,3) or (3,2) 
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(3.4) [ef(d)]([M(ai,..- ,a„)]) 



+ ^ [M(ai,--- ,a,-i,a, + l,a,+i,--- ,ay-i,aj + l,ay+i,--- ,a„)]. 



l<i<J<n, 
(flf^;)=(3,4) or (4,3) 



(3.5) [£7\d)]([M(fli,--- ,fl„)]) 



^ [M(ai,--- + ,aj-i,aj + l,a;+i,--- ,a„)]. 



l<i<j<«, 
(oi.<i;)=(3,4) or (4,3) 



(3.6) [£^(d)]([M(ai, • • • ,a„)]) = ^[M(ai, • • • ,a„-i,a„ + l,a„+u ■ ■ ■ ,a„)]. 

m=l, 
tJm=l 

n 

(3.7) [SlidMMiau--- ,a„)])=Y, 

m=l, 
dm =5 

n 

(3.8) [6^(d)]([M(ai, ■ • ■ ,a„)]) = ^[M(ai, ■ • • ,a„-ua„ + l,a„+i, ■ ■ ■ ,a„)]. 

m=l, 

n 

(3.9) [6^(d)]([M(ai, • • • ,a„)]) = J][M(ai, • • • ,a„-i,a„ + l,a„+i, • • • ,a„)]. 

m=l, 
tJm=2 

(3.10) [£^(d)]([M(ai, • • • ,a„)]) = J][M(ai, ■ • • ,a„_i,a„ + • • • ,a„)]. 

m=l, 
tJm=4 

(3.11) [£^(d)]([M(ai,-- - ,«„)])= J][M(ai,-- - ,a„_i,a„ + l,a„+i,-- - ,a„)]. 

m=l, 
dm =6 

(3.12) [r;'(d)]([M(ai,--- ,a„)]) 

n 

flm^4 

+ ^ [M(ai, • • • .Ui-uUi - l,a/+i, • • • .aj-uUj - Ua^+i,- • • 



1 <(■<;<«, 
(fl,-,«y)-(3,4) or (4,3) 



(3.13) [rr'(d)]([M(fl|,--- ,fl„)]) 



^ [M(ai,--- - l,a,+i,--- ,aj-uaj- l,aj+i,--- ,a„)]. 



1 </<;■<«, 
(a,-,«j)=(3,4) or (4,3) 
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(3.14) {Tt\m{Miai,--- ,an)]) 



^[M(fli,--- ,a„,-i,a„-2,a,n+\,--- ,««)] 

a,„=5 



1 </<;<'). 
(fl;,«^)=(4,5) or (4,5) 



(3.15) [^f5(d)]([M(fli,--- ,fl„)]) 



^ [M(ai, • ■ ■ ,ai-i,ai - l,fl,+i, ■ • ■ ,aj-\,aj - l,fly+i, • ■ ■ ,fl„)]. 



\<i<j<n. 
(fl,.nj)-(4,5) or (5,4) 



(3.16) {r^mi{M{au ■ ■ ■ ,fl„)]) = J][M(fli, ■ ■ ■ - l,a,„+i, ■ • ■ , 

(3.17) [^2«(d)]([M(fli,-- - ,fl„)])= 2[M(fli,--- 

n 

(3.18) [TliAmMiau--- ,«„)])= ^t^^^i'"' l,flm+i, •■ • ,a„)]. 

am=l 

n 

(3.19) [r3'(d)]([M(fli, ■ ■ ■ ,fl„)]) = ■ • ■ - ■ ■ ■ '««)]■ 

m^l. 

(3.20) [T^mmiau ■ ■ ■ ,fl„)]) = 2[M(fli, ■ • ■ - l,a,„+i, ■ • ■ , 

w=i, 
n 

(3.21) [^3'(d)]([M(ai,-- - ,fl„)])= 2[M(fli,--- — 1, flm+b ■ • ■ , On)]- 

m=l, 

Indeed, we check the formula (13.21 1 as follows: 
[£f(d)]([M(fli,--- ,fl„)]) 



^1 

„2/ 



= [projg__^(53'm (L„) (g)M(fli, ■ • ■ ,«„))] 
= [projfl_|4]( ^ [M(fli,-- - ,fl,_i,fl, + l,fl,+i,--- ,aj^i,aj + l,ay+i,-- - ,a„)]) 



l<i<;<n 



^[M(ai,-- - ,«;„_!,«;„+ 2, Ci;„+1,-- - ,fl„)] 

"111=2 

+ ^ [M(ai, ■■• ,fl,_i,fl,- + l,a,+i, ■■■ ,a;_i,aj + l,fl;+i, ■■• ,«„)]. 



(o,-,Oj)=(2,3) or (3,2) 



Note that the second equality is obtained by Proposition |231 while others are obvious by the definitions of 
the projective functors £|^(d), /^sym-(L„) and projg. 

Similarly, we can get the formulas from (I3.3t to (13 .2H . 
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Now, by the formulas (I3.2l l- (l3.21b . a categorification of the action of f/(5o(7, C)) on the «-th tensor 
power of its spin representation can be obtained as follows. 

Proposition 3.2. (1) For any 1 < ; < 3 and [d] e D, the action of hi on (V®")[d] can be categorified by 
the exact functor 'H^^^'''^'^^^\{di]), which means that the following diagram commutes: 

m^) ^(v%")m 

/■sgn(c,(d)) 



["H;*^"^^'^"'^([d])]| Isgn(c,(d))/i,- 



mm) ^(vfp«)[d]. 

(2) (a) For any [d] e D, the restriction of ei from (y®")[d] to i^fp)^^ can be categorified by a pair of 
exact functors (£|([d]), £^([d])), which means that the following diagram commutes: 

mw) > ^(vfp")[d] 

[£|([d])] - [£r([d])]| jei 
K(0 *- ) > T.(ym^^ ^ 

(b) For any! < i < 3 and [d] € D, the restriction of Cj from (y®")[d] to (^s*")[d^] <^'^" categorified 
by the exact functor £,([d]), which means that the following diagram commutes: 



Si 

^(0.) 21. ^^vfp^^^. 

(3) (a) For any [d] € D, the restriction off from (y®")[d] to (yfp)^;^^ can be categorified by a pair of 
exact functors ('Fj^([d]), iFf ([d])), which means that the following diagram commutes: 

mw) 

^(0[d-,) , 

(b) For any 2 < i < 3 and [d] e D, the restriction of f from (Vfp)[d] to (yfp)^^ can be categorified 
by the exact functor TiilA]), which means that the following diagram commutes: 

mw) ^ ^(vf;)[d] 





p")[d] 




I/. 







[nmi 



Proof. Here we check (1) and (2) in some cases. Other cases can be verified similarly. 
(1) To check 7„ o ['7Y^°"*'''^'''\[d])] = sgn(c,(d))/i,- o y,, is equivalent to check 

r« ° ['K,^°"*''<''^'([d])]([M(ai, ■ ■ ■ ,a„)]) = sgn(c,(d))/z,- o y„([M(ai, ■ ■ ■ ,a„)]) 
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for any [M(ai, ■ ■ ■ , a„)] e B[d] = U B^' . In fact, we have 

d'e[d] 

r«°[^''"'''*''^V[d])]([M(a,,--- ,a„)]) 
- |c,(d)lr„([M(ai,--- ,fl„)]) 

= sgn(c,(d))ci(d)(va, ® ® • ■ • ® v^J 
= sgn(c,(d))/!i o y„([M(ai, ■ ■ ■ , a„)]). 

(2) (a) To verify the commutativity of the diagram in (a), it suffices to check y,, o ([fi^([d])] - [fi7([d])]) - 
ei o -)/„. Indeed, for any [d] e D and [M{a\,--- ,a„)] e B[d] = U B^', we assume [M{a\,--- ,«„)] e Bd„ 

d'e[d] 

for some do e [d], by ( I3.2l i-( l33] l. we have the following formulas: 

[£t([d])]([M(fli,-- - ,fl„)]) 
= [ e (£|V)®fi|^(d'))M(fli,--- ,fl„)] 

d'e[d] 

= [{&fm®&\'m)M{au---,a„)] 

n 

= ^[M(au--- ,a,n-uatn-\-2,afn+u--- ,a„)] 

111=1, 

fill =2 

ri 

m^l, 
n,„=3 

+ ^ ■ ■ ■ ,a;_i,a; + ■ ■ • ,fl/-i,flj + l,fl/+i, ■ • ■ ,a„)] 

l<i<j<n, 
(i.;.Oj)=(2.3) or (3,2) 

+ ^ [M(ai,--- ,a,_i,a, + ,a)_i,a;+ l,aj+i,--- ,a„)], 



i<i<j<'i. 

(fli,<ij)=(3,4) or (4,3) 



and 



[£r([d])]([M(fli,-- - ,«„)]) 

= [ e {&\\A)®&\\A))M{ai,--- ,an)\ 

d'e[d] 

= [(£72(d„) e £-3(do))M(fli, ■ ■ ■ , fl„)] 



^ [M(fli, ■ • ■ ,ai^\,ai + ■ • • ,aj^\,aj + \,aj+\, ■ ■ ■ ,a„)] 

(oi.Oj)=(2,3) or (3.2) 

+ ^ [M(ai, ■■■ ,fl,_i,a,- + l,a,+i, ■■■ ,flj_i,a; + l,flj+i, ■■• ,«„)]. 



l<r<)<'i. 
(o,-,Oj)=(3,4) or (4,3) 



It follows that 

7n ° ([£r([d])] - [£r([d])])([M(fl,, ■ ■ ■ ,fl„)]) 

n n 

= r„(^[M(ai,--- ,a,„-i,a„ + 2,am+u--- ,a„)]) + yn('^[M(ai, ■ ■ ■ ,a„-i,a„ + 2,0^+1, ■■ ■ ,a„)]) 

fi,„=2 (Jill =3 

n n 
= ^ (Vfl, ® ■ • ■ ® Vfl„_, ® Vfl„,+2 ® Vfl„,^, ® • • ■ ® VflJ + ^ (Vfl, Ig) ■ • ■ ® Va„_, (g) Vfl„,+2 ® Vfl„,^, ® • • ■ ® VflJ. 
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Moreover, we have 

e\ oy„([M(ai,--- ,««)]) 

= ei(Va, ® ■ ■ ■ ® Va„^_^ ® Va„, ® Va,„^, ® ■ ■ ■ ® V^J 

= Xi*-^"' ® ■ ■ ■ ® Va,„_, ® ei Va„ ® Vfl,,,^, ® ■ ■ ■ ® Va„ ) 



m=l 



^ (V'a, ® ■ ■ ■ ® Va„,_, ® V„„_+2 ® ® ■ ■ ■ ® VaJ 

1=2 

n 

^ (Vfl, ® ■ ■ ■ ® Va„_, ® Va,„+2 ® Va,„^, ® ■ • ■ ® V^J. 



«m=2 



Therefore y,, o ([£|([d])] - [£r([d])]) = e, o y„. 
(b) We give the proof of the case / = 3. 

In the following we will prove j„ o [£3([d])] - e^^o y„ which means the diagram in this case commutes. 
In fact, for any [d] e D and \M{a\, ■ ■ ■ , a,,)] 6 B[d] - U , we only need to check 

d'e[d] 

r« ° [£3([d])]([M(fli, ■ ■ ■ , fl„)]) = ° r«([^(fli, ■ ■ ■ , 
Assume that \M(a\,- ■ ■ , a„)] e Bdo for some do e [d], by (I3.8l l-( l3.11b . we have 



[£3([d])]([M(ai,-- - ,«„)]) 
= [ ® (£'3'(d') ® £^(d') ® £^(d') e £^(d'))M(ai, ■ ■ ■ , a,,)] 

d'e[d] 

= [(£^(do) e £^(do) ® £^(do) © £^(do))M(fli, ■ ■ ■ , a,,)] 

n n 

= ^[M(ai, • ■ ■ ,a,n-\,a,n + i,am+u ■ ■ ■ ,a„)] + ^[M(ai,- • ■ ,fl,„_i,fl,„ + l,a„,+i,- ■ ■ ,a„)] 

n,„=0 «m=2 

n n 

+ ^[M{ai, ■ ■ ■ ,«„,_!, a„, + l,fl,„+i,- ■ ■ ,«„)] + ^[M(fli, ■ • ■ ,a,„_i,fl,„ + l,fl„,+i, ■ ■ ■ ,«„)]. 

m=l, 1(1=]. 
am=4 "111=6 

It follows that 

r„°[£3([d])]([M(ai,-- - ,fl„)]) 

n n 

«m=0 fill =2 

« n 
+r„(J^[Miai,--- + 1, flm+l, ■ • ■ , «n)]) 

111=1. m=l, 

= Xi*-^"' ® • ■ • ® V'fl„,_, ® ® Vfl,„^, ® ■ • • ® VflJ + ^(V'fl, ® • ■ • ® V'fl„,_, ® ® V'a^^, ® ■ • ■ ® VflJ 
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Moreover, we have 

e3oy„{[Miau--- ,a„)J) 

= eiiVa^ ® • • • ® Va„_j ® Va„ ® V^^^j ® • • • ® V^J 
n 

= Y^iVai ® • • • ® Va„_j ® esVa^ <Sl V^^^j ® ■ • ■ ® V^J 
m=l 

n n 



m=l, m=l, 
«m=0 (Jm=2 

W « 

+ J] (Vai ® • • • ® Va„_j ® Va„+l ® V„„^j ® • ■ • ® V^J + ^ (v„j ® • • • ® Vo„_j ® Va„+l ® V„„^j ® • ■ • ® V^J. 

m=l, m=l, 
dm =4 am=6 

Hence y„ o [83([d])]([M(ai, • ■ • , a„)]) = 630 y„([M(ai, • • • , a„)]). □ 
Theorem 3.3. For any 1 < ; < 3 and 2 < j <3, let 

<Ht ^ ® 'K:*^°*''^''»([d]) : 0" ^ 0", 'H,r= © 7^:*«"*''^''»([d]) : 0" ^ 0", 

[dleD, [dleD, 
sgn(q(d))=l or sgn(cv(d))=-l 

£.\= ©_6|([d]) : 0" ^ 0", 61= ©_£i ([d]) : 0" ^ 0", 

[d]€D [d]€D 

Tt = ®TtiVA\) : 0" ^ 0", = ®T{{m) : 0" ^ 0", 

[d]€D [d]£D 

£, = ©_£/[d]) : 0" ^ 0", Tj^ © jrX[d]) : 0" ^ 0". 

[d]eD [d]£D 

Then we have the following results. 

(1) For any 1 < i <3jhe action of hi on Vf^ can be categorified by a pair of exact functors (H^, 'Hf), 
which means that the following diagram commutes: 

K{0") — - — » zy®« 



- [^-][ [hi 
K{0") — - — » 



(2) (a) The action of e\ on Vf^ can be categorified by a pair of exact functors (fi|, fij ), which means 
that the following diagram commutes: 



K(0'') — - — > 2y®« 



[et]-[eri 1 



K{0") > Zy®n_ 

(b) For any 2 < i < 3, the action ofet on V®" can be categorified by the exact functor which 
means that the following diagram commutes: 

K{0") ^y^^p" 



K(0") ^ ^Vf^. 
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(3) (a) The action of fi on V®" can be categorifiedby a pair of exact functors CF^, ), which means 
that the following diagram commutes: 

K{0") — - — > ^y®« 

[^ri - [^f ][ |/i 

KiQ") — - — > ^Vf^. 

(b) For any 2 < i < 3, the action of f on V®" can be categorified by the exact functor Fi, which 
means that the following diagram commutes: 



K(0") 






if' 


K(0") 





Proof. It is not difficult to check the diagrams are commutative by Proposition 13. 21 □ 



Now we categorify defining relations of f/(so(7, C)) as natural isomorphisms between some projective 
functors of 0(gl„). Proposition l2.2l (5) plays an important role in the proof of the following results. 

Theorem 3.4. (1) •7Y,+ o'H+®'H,ro'?/7®'7/+o'Hre'H7o'H,+ = •H;o'H7e'Hro'H+®'7/+o'H;®'H7o'Hr 
fori </,;■< 3. 

(2) (a) £|o^+®£-o^j-®^j+o£7®:rf ofile-Hf -e|o^j-®£-oy-j+®5^+o£|®f-f o£-®'H+; 

(b) £| o Fj e Fj o £- - £- o Fj ® Fj o £| for ; = 2, 3; 

(c) £; o f-+ ® F[ o £,. - £,. o Fi e !r+ ° Si for i = 2, 3; 

(d) &i o Fj e 6ijF(r - Fj o £,■ ® dij'HI for {i, j) = (2, 2), (2, 3), (3,2) or (3, 3). 

(3) (a) 'H+o£|ffi'K-o£-ffi£|o'Hf ffi£7o'K+ffi(£7)®2 ^ •K+o£7®'H,-o£|®£|o'K+®£i-o'Kf ®(£|)®2; 

(b) -H; o £| ® -H,- o £j- ® £+ o -Hr ffi £j- o -H; ® (£|)®(-°' '> s -H^ o £ 7 ® T^r o £| ® £| o ® 
£7 o •T/r ffi (£p®(-«' ')/or / = 2, 3; 

(c) -H; o £^. ffi &j 0-^,7® (£y)®(-«'j) s 7^7 o £y ffi &j o F(;for (/, ;•) = (1,2), (1,3), (2, 3) or (3, 2); 

(d) -H; o £,- ® £, o •7^,7 s •7^,7 o £,- ffi £,■ o 7^+ ffi &ffor i = 2, 3. 

(4) (a) "H; o F^ e 'H; o Fy ® F^ o <Hf ffi F^ o ffi (7^+)®2 ^ •H^ o ffi 7/7 o F^^ ® o ■7/+ ffi 

Tf o -Hf ffi (5^f )®2; 

(b) o ffi •7/7 o f-- ffi r+ o -7/7 ffi o -7/; ffi (7^-)®(-«..i) s -7/+ o F[ ®Fl; o F^ ® F^ o 
HI ffi Fl o -7/7 ffi {F^T'--"--'^ for i = 2, 3; 

(c) "HI o Fj e Fj o -7/7 s -7/7 o 7^^- ffi T) o <7/; ffi {Fj)®^-"' '^ for (i, j) = (1,2), (1,3), (2, 3) or (3, 2); 

(d) 'H; o F ®Fi o 9{7 ®F®^ = 'Hi o Fi ®F o H^ for i = 2,3. 

(5) (a) £| o £| o £2 ffi £j- o £7 o £2 ffi £2 o £| o £+ ffi £2 o £7 o fi- ffi (fi+ o £2 o £p®2 ^ (g- „ ^ £+)e2 

= £| o fij- o fi2 ffi fij- o fi| o £2 ffi £2 o £| o fij- ffi £2 o fij- o fi| ffi (fi| o £2 o £| f^- ffi (£7 o £2 o £7 ; 
(b) £| o £3 ffi fi3 o fij- s fij- o £3 ffi £3 o £|; 

(C) £2 o £2 o £+ ffi £| o £2 o £2 ffi (£2 o fij- o fi2)®2 S fi2 o fi2 o fi^ ffi fi^ o fi2 o fi2 ffi (£2 o £| o fij)®^; 

(d) £2 o £2 ° £3 ffi £3 ° £2 ° £2 - (£2 ° £3 ° £2)®^; 

(e) £3 o £3 o £3 o £2 ffi (£3 o £2 o £3 o £3)®"* = (£3 o £3 o £2 o £3)®-' ffi £2 o £3 o £3 O £3. 

(6) (a) F^ oF^ oFi®Fi oFi oFi®FioFI oF^ ®F2oFi oFi ®{FI oF2oFiT^®{F{ oFioF^T'^ 

= oF{ oF2®F{ oF^ oFi®FioFI oF{®FioF{ oFI®{FI 0F2 oFIT^®{F{ oFi oF{)®^; 

(b) oFi®Fi° F{ = F{ oF^®FiO F^; 

(c) F20F20FI ®FI °F2°F2®{F2oF{ oFiT^ = F2°F2oF[ ®F[ °F2°F2®iF2°Fi^ °F2f^; 

(d) F2°F2°F3®F3oF2°F2 = (F2 ° F3 o ^2)®^; 
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Proof. We check Theorem |3.4| in some cases, while the remaining cases can be verified similarly. 

(1) By Proposition l2.2l (5), we only need to check that 

(3.22) VHt] o ['HJ] + [-Hr] ° ["Nj] + ['HJ] o [-Kr] + [•Nj] o YHt] 
= VHt] o VH]] + VH;] o [•?/;] + VH]] o YHf] + VH]\ o YH-\. 

Indeed, it is easy to see that hihjy„ - hjhij„. By Theorem |3.3l (l), we have 

hihjy„ = r« ° (mn - mn) o (mi] - mj]), 
hM„ = 7„ o (['HJ] - mj]) o (['h;] - mn). 

Therefore, 

(3.23) ([-K^] - [•Nr]) ° (['HJ] - [-Hj]) = ([•HJ] - ['Hj]) o - ['Hr])- 
We immediately get (13.221 1 by expanding ( 13.23b . 

(2) (a) By Proposition |2.2| (5), it is enough to check that 

(3.24) [£|] o [5-1+] + [£7] o [T[] + o [&-] + [r[] o [£t] + [-Kf] 

= [£|] ° [^Tf ] + [£7] o [^Ti+i + [^r+] o [£|] + [rf] ° [£7] + [-Kn- 

Indeed, noting that 

(i) (ei/i -/iei)r„ = /!ir«, 

(ii) (ei/i - fiei)y„ = r„ o [([£|] - [£-]) o ([^T+l - [^Tf ]) - ([5^1+] - [^f ]) o ([£|] - [£-])], 

(iii) hiy„ = r« ° imt] - [-Hf]), 

where (ii) and (iii) follow from Theorem l3.3l (l). (2)(a) and (3)(a), we have 

(3.25) ([£|] - [6]]) o ([r^] - - ([^ri - irn) ° a&t] - [£!]) = [■^ri - ['hh 

( 13.241 1 is obtained by expanding (13.251 1. 

(3) (a) By Proposition l2.2l (5). it suflices to check that 

(3.26) ['HI] o [£|] + [-Hf ] o [£-] + [£|] o [-Hf ] + [£7] o + 2[£r] 

= [-nn ° [fir] + [■Wf] ° [fit] + [fit] ° ['^t] + [fit] ° [-Wf] + 2[et]- 

Indeed, noting that 

(i) (/iiei - ei/ii)y„ = 2eiy„, 

(ii) (hiei - e,h,)y„ = y„ o [([•?/+] - [-Hf ]) o ([£|] - [£-]) - ([£|] - [£j]) o {[<HI] - [-Hf ])], 

(iii) 2e,r„ = 2y„ o ([£|] - [£-]), 

where (ii) and (iii) can be seen from Theorem l3.3l (l) and (2)(a), we have 

(3.27) - [-Hf ]) o ([£|] - [£-]) - ([£|] - [£-]) o ([-Kn - YH-]) = 2([£t] - [£[]), 
( 13.261 1 follows from expanding (|3.27| i. 

(4) (b) We only give the proof of the case (;, j) - (2, 1). By Proposition l2.2l (5). it is suflicient to check 
that 

(3.28) VH^] o [T^] + VH^] ° [rf] + [T^] o VH^] + [T^ ° VH^] + [^f ] 
= [^2 ] ° [^Tf ] + VH^] o [Tt] + [Tt] ° VHi] + [^Tf ] o [-^2 ] + [^Ti+J . 
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Indeed, noting that 

(i) (hifi - fih2)y„ ^ fiy„, 

(ii) (hifi - fih2)y„ = y„ o [{YH^] - YH^]) o ([^r+] - [T^]) - ([^+] - [T^]) o (YH^] - YH^])], 

(iii) fan = r« ° ([^^1+] - [^Tf ]), 

where (ii) and (iii) follow from Theorem l3.3l (l) and (3)(a), we have 

(3.29) m^] - vH^]) o ar^] - [rr d - uti^] - irn) ° (mil - ['^jd = t^^ri - I'^n, 

We obtain ( |T28] l by expanding ( |X29] l. 

(5) (a) By Proposition |2.2| (5). it is equivalent to check 

(3.30) [£[] o [e|] o [£2] + [&-] o [&-] o [&2] + [£2] o [£t] o [£|] 
+[£2] o [&-] o [&-] + 2[£t] o [£2] o [£7] + 2[£7] o [£2] o [£|] 

= [£|] ° [eri ° [£2] + [£r] ° ° [£2] + [£2] o [£|] o [£-] 

+[£2] o [£7] o [£|] + 2[£|] o [£2] o [£|] + 2[(£7] o [£2] o [£7]). 

Indeed, noting that 

(i) (e\e2 - 2eie2ei + e2el)y„ = 0, 

(ii) by Theorem[l3](2) (a) and (b), (e^^^ - 2^162^1 + e2e])y„ = r« ° [([£t] - [£7]) ° ([£[] - [£7]) ° [£2] - 
2([£|] - [£7]) ° [£2] ° ([£t] - [£7]) + [£2] o ([£|] - [£7]) o ([£|] - [£7])], 

we have (3.31) 

([£|] - [£!]) ° ([£t] - [£!]) ° [£2] - 2([£|] - [£7]) ° [£2] ° ([£t] - [£7]) + [£2] ° ([£|] - [£11) ° ([£|] - [£71) = 0- 

which is ( 13.301 1 after expanding. 

(6) (e) By Proposition l2.2l (5). it is equivalent to verify 

m] ° m] ° m] o [^2] + 3[r3] o [^2] ° [^3] ° m] = 3[r3] o [^3] o [^2] ° [^3] + [^2] ° [5-3] o [5-3] o [Tsi 

By Theorem l3.3l (3) (b), we have 

r« ° ([^^3] ° m] ° [iTj] o [5-2] + 3[^r3] ° [^2] ° [T3] ° [iTj]) 
= (/3 /2 + 3/3/2/3') ° r« = (3/3V2/3 + /2/3') ° r« 

= r« ° (3[^r3] o [^3] ° [^2] ° m] + m o m] ° m] ° [^r3]). 

Thus [Ti] ° [^r3] o [^3] o [^2] + 3[^r3] o [^r2] o [r,] o [^3] = 3 [^3] ° m] o [^2] ° [T,] + [^r2] o [^3] o [^3] o [:r3] 

since jn is an abehan group isomorphism. 

□ 
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